Abstract. The motion of test bodies in a Quasi-Newtonian potential is examined. Main attention is paid to the qualitative classification of all possible trajectories.
INTRODUCTION
The achievements of modern General Relativity Theory (hereafter GRT) are so obvious, that any step beyond its limits needs to be well substantiated. This paper, which deals with the generalized potential (and the motion of test bodies in it), conditionally called as the Quasi-Newtonian (hereafter Q-N) potential, does not pretend to have the status of some sort of a new gravitation theory. However, taking into account the asymptotic behavior of some of multidimensional gravitation theories in the region near the Schwarzschild radius, our results should be of considerable interest.
The necessity of corrections to the Newtonian potential at small distances are predicted by the Kaluza-Klein theory accounting the zero-modes of gravitons (Randall 1999 , Rybakov 2001 . Furthermore, taking into account the one-loop contribution to graviton propagator, corrections of the type ∝ γ/r 2 to the Newtonian potential have been proposed (Arkani-Hamed 2001 , Gubser 2001 , Verlinde 1999 . These studies show that analysis of the Q-N potential at least in the zone near the Schwarzschild's radius (hereafter "the near zone") is a problem of great importance. Therefore, in our paper we will analyse all possible types of motion of test bodies in a potential of the form
In Part II of the paper (Pyragas & Svirskas 2003) we will analyse the influence of this potential on the motion of test bodies in a distant zone with r r g (the region of weak gravitational potential), taking into account the effects of GRT. This will allow us to evaluate numerically the coefficients of the potential (1) in a distant zone.
As it is seen from Eq. (1), the Q-N and Newtonian potentials in a distant zone coincide. The Q-N potential does not follow directly from GRT based on the four-dimensional Riemannian manifold. Since GRT does not include the theory of the potential, it is taken empirically. The origins of the Q-N potential can be looked for in the asymptotics of modern gravitation theories, such as the Kaluza-Klein theory, which are based on the manifolds of greater number of dimensions. In these theories the potential appears naturally.
MAIN EQUATIONS OF MOTION OF A TEST BODY
Let us consider a test body of the mass m, moving in a centralsymmetric gravitational field of potential (1). The Newtonian potential is its limiting case when γ = δ = 0. In the paper we limit ourselves mainly to the form of the possible trajectories. The motion of the body is completely determined by the energy and the momentum conservation laws:
where r, θ, ϕ are the spherical polar coordinates, H and p ϕ are the total energy and angular momentum of the body, respectively. For convenience of the later discussion, let us choose the unit system in which G = 1 and M = 1. After introducing a new variable u = r −1 and denoting h = H/m, Eqs. (1)-(3) imply
In a further treatment we will refer to Eqs. (4)- (5) as the fundamental integral and the fundamental cubic, respectively. From these equations it follows that motion is possible only in the domain σ > 0, f (u) > 0. In order to classify all possible trajectories of motion, one has to determine the form of critical curves, i.e., the curves that separate the domains with qualitatively different types of trajectories. Choosing numerical values of the coefficients of the cubic f (u) in a special way, we may turn all three roots to be distinct and real. Then the critical curves simply correspond to the situation of two conciding roots, i.e., when one of the extrema points of the cubic coincides with the abscissa axis. In such situation any small change in the values of the coefficients will lead either to the case of only one real root, or to three different roots, thus yielding quite a different spectrum of qualitatively different types of possible orbits. In other words, critical curves correspond to the solution of algebraic system of equations
At first, let us turn to finding these critical curves.
CLASSIFICATION OF POSSIBLE ORBITS AND CRITICAL CURVES OF MOTION OF A TEST BODY
Solutions h 1,2 = h 1,2 (σ) of the system (6) define the critical curves in the hθ-plane. Let us suppose that three roots of the cubic f (u) are real. Eq. (6) gets the coordinates of the extrema points
The extrema point on the abscissa axis corresponds to the double null root of the cubic, f (u). In this case the remaining third real root can be found as a polynomial quotient, i.e., dividing the cubic f (u) by the factor (u − u 1,2 ) 2 and equating the result to zero:
Solving Eq. (6) we find the expression for the critical curves:
Let us choose h 1 to refer to the upper sign in Eq. (9) and h 2 -to the lower. Geometrically the values of h 1,2 represent the ordinate of the point of intersection of the cubic f (u) and the ordinate axis, when one of its extrema points touches the abscissa axis, i.e., h 2 − h 1 represents the difference of the ordinates of the extrema points. Any variation of the numerical value of h 1,2 , calculated according to (9), moves the entire cubic f (u) up or down as a rigid body. The form of the critical curves, as well as of the curve of the fundamental cubic f (u) strongly depend on the values of parameters δ and σ. According to (9) four different forms of the cubic f (u) can be distinquished.
Case A:
As it follows from (7), two different roots both are real and positive, thus the two extrema points of the cubic f (u) do not coincide. In this case there are two critical curves.
Case B: δ > 0, σ = γ + √ 3δ. In this case the two extrema points coincide u 1 = u 2 , and this is the inflection-point of the cubic f (u). It follows from (7) that this critical curve consists of one point only, that is the point of intersection of two critical curves h 1 and h 2 .
Case C: δ > 0, σ < γ + √ 3δ . The fundamental cubic f (u) has neither extrema points nor the inflection points. All the trajectories belong to one topological class.
Case D:
The fundamental cubic has one double positive root u = u 2 and one negative root u = u 1 .
It is worth mentioning that the trajectories of case C are absent for γ > 0.
First, let us turn to the question of qualitative behavior of critical curves of case A in the hσ-plane. By taking into account the unequality σ − γ > √ 3δ and Eq. (9) we will show that h 1 < 0. It is evident that the first term in (9) is positive. In order to show that the second term of Eq. (9) is negative, let us suppose for a moment that the opposite statement (10) is correct. Since the term on the right side of this unequality is positive, we get the following condition
However it disagrees with another statement, (σ − γ) 2 < 4δ, that we get after squaring both sides of (10) and making some simple calculations. Therefore it follows that h 1 < 0, whatever σ may be. Further, taking into account, that only the second term of Eq. (9) can be equal to zero, we get the single root of the algebraic equation
It is evident that at σ (0) = γ + √ 3δ the curve h 1 intersects h 2 and
at this point. Taking into account the unequality (σ − γ) 2 > 3δ we get
Thus, the curve h 2 lies above the curve h 1 , whatever σ may be, these curves intersect at σ = σ (0) and the curve h 2 intersects σ-axis at σ = σ 1 . Thus we get the picture shown in Fig. 1 . As the graph shows, the curves h 1 and h 2 divide the hσ-plane into three different domains: h < h 1 , h 1 < h < h 2 and h > h 2 , that does not contain multiple roots of the cubic f (u). In the domain beneath the curve h 1 and above the curve h 2 the function f (u) has only one real root. At every point of critical curves one of the extrema points of the cubic f (u) touches the abscissa axis and couses two coinciding real roots to appear. The three different real roots exist in the domain h 1 < h < h 2 . In order to identify all possible typical trajectories in the case A, we have to cross the hσ-plane by a vertical line σ = σ 1 . In this way we obtain five different possibilities:
For convenience of the later discussion we will refer to them as cases A1, A2, ..., A5. Choosing another crossing line σ = σ (0) (case B) we get only the three posibilities:
As we have just mentioned, by crossing the hσ-plane by a vertical line σ = σ 1 one can identify five different cases of the distribution of the roots of the fundametal cubic f (u). Now let us proceed to the discussion of each of these cases separately.
The cubic f (u) has only one real root u = u 1 and two complex conjugate roots u 2,3 (see Fig. 2a ). There is a libratory trajectory inside the circle with u > u 1 (see Fig. 2b ) (Pars 1988) .
In order to derive the integral equation of the trajectory let us change the variable
in the polynomial
The analythical expressions of the roots α 1 > α 2 > α 3 of the resulting polynomial
can be determined according to the Cardano formula (Korn & Korn 1968 ). If we are not interested in these analytical expressions, the roots can be calculated numerically. Putting Eq. (11) into Eq. (4) we get
where
and x 2,3 = b ± ic are complex conjugate roots of the cubic f (x). Substituting the formulae
into Eq. (14) we put this integral into the normal Legendre form (Korn & Korn 1968 )
The term F (ϕ m , k) denotes the elliptical integral of the first kind
where ϕ m is used to denote ϕ from (17) with x replaced by x m . Eqs. (17) and (19) determine the parametric equations of motion in the rθ-plane. The elliptical integral (20) diverges only for k = 1, ϕ m = π/2 and increases with increasing ϕ m . It is worth mentioning that the modulus of the cosine will never be equal either to zero or to one, because α 1 , b and c are all real quantities and α 1 = b, thus η will never have the value −π/2 and k will never be equal to 1. Therefore, integral (20) converges for all values of ϕ m . The asymptotic behavior is as follows: ϕ m = 0 and θ = 0 at r = 1/a; decreasing r, the quantities ϕ m and θ increase and the maximum value θ = θ max = ∞ is achieved at r = 0. The graph of this parametric curve in the Cartesian coordinate system is shown in Fig. 2b . Thus the trajectory is libratory and is located within the circle, r < 1/a.
A2:
In this case the cubic f (u) has double real root u = u 3 and one simple root u = u 1 , so the polynomial f (u)/δ may be expressed in the factorised form (u − u 3 ) 2 (u − u 1 ). There exist two possible types of trajectories. As far as f (u) is negative in the neighborhood of the point u = u 3 , we have a stable circular orbit of radius r = 1/u 3 . Formula (3) gives us the time dependence of the angular coordinate
The second type of trajectories are libratory ones within the circle of radius r = 1/u 1 . The fundamental integral (4) gives
Taking into account Eq.(8) and changing variable
in the former integral, we get
where a = (u 1 − u 3 )(1/r − u 1 ) −1 . Therefore, we get the equation of the trajectory
This is the libratory trajectory similar to that in case h < h 1 . The trajectory is enclosed within the circle of radius r = 1/u 1 .
A3: h
The cubic f (u) has three real simple roots. Consequently, treating the domains of possible motion we may distinguish three different cases:
(a) In the case of u > u 1 we have motion within a circle of radius r = 1/u 1 . Substituting for u from Eq. (11) and for f (x) from Eq. (13) into Eq. (4) we get
where x m is the notation (15). After substitution of the new variable
. This is the rosette-type trajectory within the circle r = 1/u 1 , analogous to that in the h < h 1 case. In the general case the motion is non-periodic and the domain 0 < r < 1/u 1 is covered densely, except the point r = 0, by the points of the geometrical trajectory.
(b) In the second case the test body can only libratory move in the limited space 1/u 3 ≤ r < 1/u 2 . Change of the variable
in the fundamental integral 
The graph of the trajectory of this type is shown in Fig. 3b . The domain of A3 type libratory trajectories is the region with 1/u 3 < r < 1/u 2 .
The angle θ n varies smoothly when radius r varies from r min to r max . The expression for ϕ implies, that when r varies from r min to r max , then angle ϕ varies from 0 to π/2. The point of the maximum radius vector always advances by a constant amount. This advance of the perihelion corresponds to the secular motion of the perihelion in the ordinary theory of perturbation in dynamical astronomy. The central angle θ p between r min and r max is determined by means of the complete elliptical integral K(π/2, k):
Thus, the angle θ between the two successive values of r max equals 2θ p . In the general case the trajectory, determined by the expressions of θ n and sin 2 ϕ is not periodical. It is simple to derive the condition of a closed trajectory. During one revolution the body touches the inner circle only at one point. Thus, the angular distance between the two successive points on the inner circle is mod (2θ p , 2π) . The body will perform m revolutions, until the inner point makes k cycles and coincides with the first point. Therefore, the necessary condition of the closed orbit is m mod(2θ p , 2π) = 2πk ,
(c) In the third case we have the same equations of the trajectory. Because only the non-negative values of u 3 have the meaning (u 3 ≤ 0), this case can be obtained from the upper one, setting the radius of the exterior circle to infinity. Thus, geometrical trajectory starts at the points of the circle r = 1/u 2 and tends to infinity asymptotically in such a way, that the angle θ between starting point and the infinity is finite as it is shown in Fig. 4 . 
A4:
The minimum of the cubic f (u) touches the u-axis, yielding the double real root u = u 2 and the simple real root u = u 4 as is shown in Fig.  5a . One can identify four different types of the trajectories:
(a) In the case of u > u 2 the motion is limited as u aproaches to u 2 from infinity. As we will soon see, it is a spiral within the circle r = 1/u 2 . The fundamental integral can be presented in the form Changing the variable 22) in this integral and denoting
we get
The corresponding trajectory (see Fig. 5b ) approaches the circle r = 1/u 2 asymptotically, performing an infinite number of revolutions around the origin. (22)- (23), let us introduce an auxillary quantity
where ζ = 0 for u 4 ≤ 0 and ζ = u 4 for u 4 > 0. According to (22)- (24) the fundamental integral
Keeping in mind that y 1 = 0 for u 4 > 0, Eq. (25) reduces to
Taking into account an expression arctanh z = 1 2 ln(1 + z)(1 − z) −1 and Eq. (23), the former expression yields the trajectory equation
The graph of the trajectory is shown in the Fig. 6a . The trajectory starts on the exterior circle r = 1/u 4 and then counterclockwice asymptotically approaches to the circle r = 1/u 2 , performing an infinite number of revolutions around the origin. The moving body cannot crossover these circles.
In the case u 4 ≤ 0, performing the same steps as before we get a slightly different equation of the trajectory
This is the equation of spiral in the exterior of the circle r = 1/u 2 , since θ → ∞ as r → 1/u 2 and r → ∞ as θ → 0 (see Fig. 6b ). This type of trajectories we get setting the radius of the exterior circle to infinty in the former case. 
The cubic f (u) has only one real root, u = u 1 , that can be either positive or negative, and a couple of complex conjugate roots (see Fig. 7a ). For real positive root (as in the A1 case h < h 1 ) Eqs. (11)-(19) continue to hold without any change. The resulting trajectory is shown in Fig. 7b . The trajectory is of rosette-type, located in the inner part of the circle r = 1/u 1 , i.e., the motion is libratory in the domain 0 ≤ r ≤ 1/u 1 .
When u 1 ≤ 0 we denote x 0 = −(σ − γ)/(3δ) > 0 and evaluate the fundamental integral (14) by splitting it into two terms as follows:
The asymptotic of the trajectory is as follows: k) ) for r = 0, and θ = 0 for r = ∞. Thus, the motion is unlimited in the domain 0 < r < ∞. Using the notation θ 1 = −δ cos η/(δc)F (ϕ m , k) the equation of the trajectory can be written in a more elegant form:
Case B:
This case corresponds to the point of intersection of the two critical curves in Fig. 1 and is determined by the value h = h 0 . The cubic has the inflection-point that is beneath the abscissa and, therefore, only one real simple root u = u x . Fig. 1 shows three different possibilities: (B1) h < h 0 , (B2) h = h 0 , and (B3) h > h 0 in this case.
B1: h < h 0
For h < h 0 motion is permitted in the region u x < u < ∞. There will be the same equations of trajectories, as those of the case A1 (h < h 1 ). The equations of motion of the body are given by Eqs. (16)- (19) . So, the formulas that parametrically determine the angular and the radial components of the trajectory are as follows:
The graph of the trajectory looks like trajectory that we had in case A1, h < h 1 . It is the rosette-type trajectory within the circle of the radius r = 1/u x .
B2: h = h 0
When h = h 0 , the inflection-point of the cubic f (u) touches uaxis, thus giving the three coinciding real roots.
One of the possible type of trajectories in this case is an unstable circular orbit of radius r = 1/u 1 , described by the equation
Another one is a spiral with the origin at the center of coordinates, making an unlimited number of revolutions and approaching the limiting circle of the radius r = 1/u 1 , similar as in the A4 case. The fundamental integral
gives the final equation of the trajectory
We see that θ = 0 at r = 0 and θ = ∞ at r = 1/u 1 . Thus, it is the spiral originating at the center of the coordinate system and approaching the limiting circle r = 1/u 1 . This is the trajectory that we had in the case A4(d).
B3: h > h 0
In this case there are two possibilities for a single real root u = u 1 to be positive or negative. This case coincides with that of A5. So, when u 1 > 0, the trajectory of the motion is determined by Eqs. (29)-(30). It is a rosette-type libratory orbit inside the circle of the radius r = 1/u 1 . For u 1 ≤ 0 the motion is determined by Eqs. (16)- (18) and (27)- (28) and is unlimited in the region 0 < r < ∞.
C case,
As we see in Fig. 1 the vertical line does not intersect the critical curves, therefore there are only one type (rosette) orbits here, as those in the B3 case. Let u x be the only real root of the cubic f (u). Then in the case of positive u x the trajectory is given by Eqs. 
D case,
In this case the graph of the function f (u) is something like that we had in the case A but reversed (see Fig. 8a ). It is clear that the extrema points and critical curves concide with those given by (7) and (9). Consequently, we can suppose that the trajectories look like those of type A, with the exception of some differences. The main difference consists in that there are no permitted trajectories in the domain h < h 1 , since the function f (u) < 0 here.
D1: h = h 1
When h = h 1 , there is only one possible stable circular orbit that is determined by the expressions r = 1/u 1 , θ = √ 2σu 2 1 t .
D2:
The function f (u) has three real roots in the domain h 1 < h < h 2 . Let u = u 2 be the middle root. Substituting δ = −3, γ = 1, σ = 5, h = −0.01 into f (u), we find that two of the roots of the cubic are positive.
The fundamental integral
by using the substitution
yields
Formula (32) maps the interval (α 2 , α 1 ) into (0, π/2) and ϕ m stands for
Eqs. (31)-(32) for u 2 > 0 define a libratory motion in the domain 1/u 1 ≤ r ≤ 1/u 2 , where the cubic f (u) > 0 (see Fig. 8b ). In the case of u 2 ≤ 0, u 1 > 0 the trajectory starts on the circle r = 1/u 1 , while the branches extend to infinity. The angle between branches is finite.
D3: h = h 2
When h = h 2 the fundamental cubic has one simple real root u = u 1 and one real double root u = u 2 . The motion is possible in the domain 0 < u ≤ u 1 .
The main integral
after changing the variable z = (u 1 − u)(u 1 − u 2 ) −1 gives
Solving this equation for z and returning back to r we get
It can be seen from this equation that 0 ≤ θ ≤ θ 1 , when 1/u 1 ≤ r ≤ ∞. The symbols θ 1 and z are used to denote the following expressions:
One end of the trajectory touches the circle r = 1/u 1 , and another end tends to infinity in such a way, that the angle θ between these two directions remains finite.
D4: (h > h
2 ) The fundamental cubic f (x) has the only real root x 1 = α 1 . Let x 2,3 = b ± ic be the remaining two complex roots. Then the fundamental integral can be presented in the form:
Changing the variable according to (16)- (18) with the opposite sign in (16) from (34) we get:
This equation describes a curve, extending to infinity in the exterior of the circle r = 1/u 1 , since 0 ≤ θ ≤ θ 2 when 1/u 1 ≤ r ≤ ∞. The constant θ 2 denotes the expression
All the trajectories that have been mentioned in the paper, permit us to distinguish the following non-overlapping types of motion. Libratory orbits inside the circle are present in the A1-A3 (u > u 1 ), A5 (u 1 > 0), B1 (u > u x ), B3 (u 1 > 0) and C1 (u x > 0) cases. Circular orbits are present in the A2 (u = u 1 ), A4 (u = u 4 ), B2 (u = u x ) and D1 cases. Libratory trajectories between two concentric circles are present in the A3 (u 3 < u < u 2 , u 3 > 0) and D2 (u 2 > 0) cases. The spiral outside the circle is present in the A3 (u 3 < u < u 2 , u 3 ≤ 0), A4 (u 4 < u < u 2 , u 4 ≤ 0), D2 (u 2 < u < u 1 , u 2 ≤ 0) and D3 (u 2 < u ≤ u 1 , u 2 ≤ 0) cases. The spiral from the origin of the coordinate system, approaching to the limiting circle is present in the A4 (u > u 2 ) and B2 (u > u 1 ) cases. In A4 (u 4 < u < u 2 , u 4 > 0) the trajectory is limited by two concentric circles. Unlimited motion is inherent in the A5 (u 1 ≤ 0), B3 (u 1 ≤ 0) and C cases.
